The simple bimolecular ligand-receptor binding interaction is often linearized by assuming pseudo-first-order kinetics when one species is present in excess. Here, a phase-plane analysis allows the derivation of a new condition for the validity of pseudo-first-order kinetics that is independent of the initial receptor concentration. The validity of the derived condition is analyzed from two viewpoints. In the first, time courses of the exact and approximate solutions to the ligand-receptor rate equations are compared when all rate constants are known. The second viewpoint assess the validity through the error induced when the approximate equation is used to estimate kinetic constants from data. Although these two interpretations of validity are often assumed to coincide, we show that they are distinct, and that large errors are possible in estimated kinetic constants, even when the linearized and exact rate equations provide nearly identical solutions.
Introduction
In the simplest case, the binding of a ligand L to a receptor R is a bi- 
where k 1 and k −1 are, respectively, the association and dissociation rate con-23 stants of the ligand-receptor complex. This reaction scheme is mathemat-
24
ically described by a system of coupled nonlinear second-order differential 25 equations. By applying the law of mass action to reaction (1), we obtain
In this system the parameter K S = k −1 /k 1 is the equilibrium constant [15, 4] 27 and the square brackets denote concentration. Since no catalytic processes 28 are involved, the reaction is subject to the following conservation laws: 
We have expressed quantities in terms of concentration of species. These 34 equations are frequently given in terms of binding site number, using the
where n is the cell density, N AV is Avogadro's number, and C denotes the 37 number of ligand-bound receptors per cell. We use the concentration formu-38 lation here for clarity and without loss of generality.
39
The system (2) can be solved, subject to the conservation laws [16] . stituting (3) and (4) into (2) we obtain:
We can rewrite this expression by factoring as follows:
where
This ordinary differential equation is readily solved subject to the initial 44 conditions (5) as
The quantity t C is the timescale for significant change in [C] . In this par- reactions in chemistry are frequently studied within PFO kinetics [20, 21] .
71
In the present case, the second-order reaction (1) becomes mathematically 72 equivalent to a first-order reaction, reducing to
where coincide, we show that they are quantitatively and qualitatively distinct. In
104
Section 2 the reduction of the ligand-receptor association by PFO kinetics is 105 summarized followed by its dynamical analysis in Section 3. The new valid-equivalent to assuming that
The alternative case, in which the depletion of the receptor is assumed to be 117 negligible, is shown to be symmetric in Appendix A. By substituting (14) 118 into (7), the equation can be simplified as follows: it provides solutions that can be linearized by using a logarithmic scale to fit 127 progress curves of the interacting species and thus it could lead to complete 128 reaction characterization, namely the rate constants k 1 and k −1 .
129
As we have previously pointed out, it has been assumed that the condition
Up to this point, most of the scientists using the PFO kinetics assume that The phase-plane trajectories of system (2) are determined by the ratio of
This expression is integrated to obtain the family of solution curves:
where 
The phase plane is divided into two regions by the nullcline 
The phase plane trajectories (19) and its nullcline (20) are show in Fig. 1 .
153
The trajectory flow is attracted by a unique curve, which is a stable manifold
154
and is equivalent to the nullcline for this case. All trajectories tend to this 155 manifold as they approach the steady state as t → ∞ [24].
156
Binding of ligand to cell surface receptors has been amenable to in vitro 157 experimental investigation for the past four decades [25] . In the typical exper- (1) . The solid curves with arrows are the trajectories in the phase planes, which are described by (19) . The trajectories tend to a stable manifold as they approach to the steady-state. In this case, the manifold is the nullcline (20) of the system, which converges to [R 0 ] for large ligand concentrations.
horizontal axis, i.e. with initial conditions (5), the trajectories are bounded [C] can be estimated from the intersection of (19) and (20) or 169 by estimating the steady-state value of the ligand-receptor complex concen-
where λ − is given by (9).
172
It suffices therefore to investigate the behavior of the ratio of the solu- To derive a mathematical expression in terms of the kinetic parameters 177 for condition (17), we will use the fact that, for initial conditions given by 178 (22), [C] max is the concentration given by allowing the reaction described 179 by (10) to go to steady-state. We can now formulate (17) as follows:
This can be rewritten as
with
At this point it is convenient to nondimensionalize the above expression 182 by using reduced concentrations. Scaling with respect to K S , equation (25) 183
where calculate a Taylor series expansion of (26) to obtain right-hand factor of
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This is a simple analytical expression for the condition for the validity of
Interestingly, we have a new condition for the use of the PFO approx- This error -which we name concentration error -is commonly evaluated Naively, it would seem that if the difference between the complex concen- 
stants when used to model experimental data. This, however, is not neces- 
Analysis of the concentration error

233
Theoretically we define a concentration error measure as
For the bimolecular ligand-receptor binding (1), we can calculate analytically 
numerical analysis of the concentration error. Fig. 3 presents the time course 238 of the exact and approximate complex concentration [ Fig. 3(a)-(c we calculate the steady-state concentration error, defined as lim t→∞ CE (t). 
where k i is the estimate of k i calculated from fitting the PFO solution to 279 the generated data. Additionally, for the ligand-receptor interaction, we 280 calculate the mean estimation error as an aggregate measure of the parameter
Concentration error measures, such as the maximum or steady-state con- 
The zeroth-order term has no dependence on k −1 . Hence, in this limit there (1) . The blue line represents the exact solution and blue squares are simulated data points. The green dashed line is the pseudo-first-order approximation using the same rate constants used to in the exact solution. The red dotdashed line is the pseudo-first-order approximation using rate constants found by fitting the pseudo-first-order model to the data generated using the exact solution. (1) 
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Since the denominators are both positive, we can rearrange this as
and factoring the left side then gives
